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A recursive algorithm is presented for the deadbeat predictive control that brings the output response to rest
after a few time steps. The main idea is to put together the system identification process and the deadbeat control
design into a unified step. It starts with reformulating the conventional multistep output-prediction equation
to explicitly include the coefficient matrices to weight past input and output time histories for computation of
feedback control force. The formulation thus derived satisfies simultaneously the system identification and the
deadbeat control requirements. As soon as the coefficient matrices are identified satisfying the output prediction
equation, no further work is required to design a deadbeat controller. The method can be implemented recursively
just as any typical recursive system identification technique.

Introduction

T HERE are many interesting technical problems in the area of
controlled aerospace structures that NASA researchers are try-

ing to solve. These problems, for example, include acoustic noise
reduction, flow control, ride quality control, flexible spacecraft at-
titude control, and vibration suppression. Active or passive control
for a dynamic system is not a new subject. Many control techniques
are available today and ready to be used for application to these
interesting problems. Some of the techniques are the quadratic op-
timization technique,1-2 the pole placement technique,3 the virtual
passive technique,4 the energy dissipation technique,5 and the adap-
tive control technique.6"8 Some researchers prefer to work in the
frequency domain using the frequency response functions (FRF)
whereas others use the state-space model (SSM) in the time domain
to design controllers. The model-based techniques need a mathemat-
ical model (FRF or SSM) within a certain level of accuracy to design
a controller. Except for a few simple cases, system identification9'12

must be involved in the design process to verify the open-loop model
and the closed-loop design as well. As a result, it may take consid-
erable time to iterate the design process until performance require-
ments are met. For the systems with minimum uncertainties, the
iteration procedure would not bother the control engineers, as long
as a satisfactory control design can be found.

For systems with unknown disturbances and considerable uncer-
tainties, the controller must be able to adapt the unknown changes
in real time. Adaptive control techniques are developed for this pur-
pose. The approach is to adjust the control gains to reflect the system
changes so as to continuously check and meet the performance re-
quirements. Most adaptive control techniques require the controlled
system to be minimum phase13"19 in the sense that all of the system
transmission zeros are stable. The minimum-phase system in the
continuous-time domain does not guarantee its minimum phase in
the discrete-time domain. In practice, only a few structural systems
in the discrete-time domain are minimum phase.

Recently, an innovative neural network method was developed20

for online system identification and adaptively optimized control.
For practical applications, this method was modified and enhanced21

by using a multiprocessor architecture, which may have a variety of
configurations but is particularly suited for a neural network. The
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neural network may be built up of neurons that are either purely
one way (forward signal path) or two way. Each neuron may be
provided with its own synaptic weight, adjusted using only the local
and backward signals.

To understand better the neural networks in the identification and
control of dynamic systems, a study22 has been conducted focusing
on how the neural networks handle linear systems and how it is
related to conventional system identification and control methods.
The study explained the fundamental concepts of neural networks in
their simplest terms. Among the topics discussed were feedforward
and recurrent networks in relation to the standard state-space and
observer models, linear and nonlinear autoregressive models, linear
predictors, one-step ahead control, and model reference adaptive
control for linear and nonlinear systems. It is concluded that the
output prediction determined from input and output data is a key
to the success of an adaptive controller that leads to the study of
predictive controllers.

Predictive controller designs23"32 were developed to particularly
address the nonminimum-phase problems with the hope that they
can be implemented in real time. Two indirect techniques and one
direct technique were derived32 using the concept of deadbeat pre-
dictive control law that brought the output response to rest after
a few finite time steps. The indirect techniques require identifica-
tion of coefficient matrices of a finite difference model represent-
ing the controlled system. The deadbeat predictive controllers are
then computed using the identified coefficient matrices. Note that
the identified matrices minimize the output error between the esti-
mated and real outputs. The direct technique computes the deadbeat
predictive controller directly from input and output data without
explicitly identifying the system parameters. However, it requires
minimization of the output error first and then performance of the
inversion of a Hankel-like32 matrix to calculate the control gains for
the past input and past output signal. Because it takes time to invert
a matrix, both direct and indirect algorithms have a drawback for
real-time application. Nevertheless, the direct algorithm did provide
the fundamental framework for further development of a recursive
technique for real-time implementation.

A new recursive technique is presented in this paper for the design
of a deadbeat predictive controller. It uses the approach derived for
the direct algorithm.32 The technique computes the gain matrices
recursively and directly from input and output data in every sam-
pling period. In addition, the recursive formula satisfies both system
identification and deadbeat predictive control equations simultane-
ously. As a result, the design process is completed in such a way
that there is no time delay between the identification step and the
control gain computation step.

This paper begins with a brief introduction of multistep output
prediction.32 The basic formulation for a deadbeat controller design
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is then derived giving the mathematical foundation of the recur-
sive method. A recursive formula with computational steps is also
included for real-time implementation. With a slight modification,
the formula is extended to compute the feedforward gain for a mea-
surable or predictable disturbance input. Finally, several numerical
examples are given for illustration of the method.

Multistep Output Prediction
For the multistep output prediction,32 the input/output relation-

ship of a linear system is commonly described by a finite difference
model. Given a system with r inputs and m outputs, the finite dif-
ference equation for the r x 1 input u(k) and the m x 1 output y(k)
at time k is

where

y(k) = - 1) + a2y(k - 2) + • - - + <xpy(k - p)

4- fau(k - 1) 4- hu(k - 2) + . - . + ppu(k - p) (1)

It simply means that the current output can be predicted by the
past input and output time histories. The finite difference model
is also often referred to as the ARX model where AR refers to
the autoregressive part and X refers to the exogeneous part. The
coefficient matrices, a/ (i = 1, 2, . . . , / ? ) of m x m and ft (i =
1, 2, . . . , p) of m x r are commonly referred to as the observer
Markov parameters (OMP) or ARX parameters. The matrix ft> is
the direct transmission term.

By shifting a time step, one obtains

y(k

4-1)

k -!) + • • • + apy(k -/? + !)

+ hu(k - i) + . . . + ppU(k - p 4- 1)
(2)

Define the following quantities:

H- c*3

(3)

and

yd) __

P™ =

(4)

and
(5)

Substituting j (A:) from Eq. (1) into Eq. (2) yields

y(k + 1) = or< V* - 1) + a2
l)y(k - 2) 4- • - - 4- a(»y(k - /?)

4- p(}u(k 4-1)4- ft)1}M(/:) + ̂ u(k - 1)

4- P(^u(k — 2) 4- • • • 4- P(^u(k — p) (6)

The output measurement at time step k 4-1 can be expressed as the
sum of past input and output data with the absence of the output
measurement at time step k. By induction, one may express the
output measurement at the time step k 4- j by

y(k 4- y) = ct(»y(k -1)4- a^y(k - 2) 4- - - - 4- a^y(k - p)

4- A>«(* + 7) + A)1}M(fc + ;-!) + • • • + P^u(k)

4- p[j)u(k -1)4- P2
j)u(k - 2) 4- • • • 4- P^u(k - p) (7)

(8)
V0*-l)*p

= «r aB

and

(9)

^~l}

*1
and

(10)

Note that a/ = a/ and ft. = ft for any possible integer 1,2, ...,
including 0 if applicable. With some algebraic operation, Eq. (10)
can also be expressed by

/>(()) o
P() ~ A)

k
P<\ = ftt + / &iPt\ ' for A: = 1. . . . . p /i i \" .~ " U U

77 f j t - "»ft, = J^ a/ ft, ~ for k = p 4- 1 , . . . , oo

Similar to Eq. (11), a\j) = ot\j ~ ^ai + a2 ~1} can also be written as

for

for

k = I , . . . , / ? - 1

k = p , . . . , oo
(12)

Observation of Eqs. (11) and (12) reveals that ft^anda^ for j > p
is a linear combination of its past p parameters weighted by the pa-
rameters ai, «2, • • • ' ap- This property is very useful in developing
predictive control designs. The quantities p^ (i = 0, 1 , . . . ) are,
in fact, the pulse response sequence.32 On the other hand, the quan-
tities a}0 (i = 0, 1,. . .) are the observer gain Markov parameters,
which can be used to compute an observer for state estimation.32

Let the index j be j = 1, 2, . . . , # . Equation (7) produces the
following multistep output prediction:

yp(k + q) = T &up(k - p) + A'yp(k - p) (13)
where

q + p (k) =

U(k)
u(k -f 1)

(14)

yp(k - p) =
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and up(k — p) is identical ioyp(k — p) withj replaced by u:

/)(</) #(1) Q A
PM ' ' ' PM PO ' * ' V

and

aPo
«(2) «(DA) A)

flte
Pp

A' =

/ i^
P-

„(</) M

(</+/'-')

/>(9 + pPi

(15)

The superscript on f> and a signifies the time shift. The quantity
yp(k + q) represents the output vector with a total of p data points
for each sensor from time step k + qtok + q + p — 1, whereas
yp(k — p) includes the p data from k — p to k — 1. Similarly,
uq + p(k) has q + p input data points starting from the time step k,
and up(k — p) has p input data points from k — p. The matrix T' is
formed from the parameters, $>, (̂

(
}
1}, . . . , and fi^ + p ~ l ) (the pulse

response sequence).
The vector yp (k + q) in Eq. (13) consists of three terms. The first

term is the input vector uq + p(k) including inputs from the current
time step k to the future time step k + q + p — 1 . Relative to the
same time k, the second and third terms, ur(k — p) and yr(k — /?),
are input and output vectors from the past time step k — p to k — 1 ,
respectively. The future input vector uq + p (k) is to be determined for
feedback control. The matrices B' and A' may be computed from
OMPs off (i = 1 , 2 , . . . , p) and ft (i = 1 , 2 , . . . , p), or directly
from input and output data.

Deadbeat Predictive Control Designs
Several deadbeat control algorithms have been developed32 us-

ing the multistep output prediction, Eq. (13). Among these algo-
rithms, the direct algorithm (see the Appendix) uses the input and
output data directly without using a, (i = 1 , 2 , . . . , p) and ft
(/ = 1 , 2, . . . , / ? ) to first compute B' and A' and then design a
deadbeat predictive controller. The goal was to make the direct al-
gorithm suitable for real-time implementation in the sense that the
deadbeat controller may be updated at every sampling interval. Un-
fortunately, it involves a matrix inverse that is difficult, if not im-
possible, to compute it recursively. To overcome the computational
difficulty, an alternative algorithm is developed in this section.

Let T' be partitioned into two parts such that Eq. (13) becomes

(16)
where

up(k

uq(k) =

u(k+q)
u (k + q -f 1

u(k -\-q-\-p-

u(k) •

u(k + q - 1)

(17)

A>
an)PO

0

A>

(18)
fr-Po A,

3(q}
"o

y(2)

f lv<A)
Both T0 of pm x pr and Tc of pm xqr are formed from system pulse
response (system Markov parameters). Note that m is the number of
outputs, p is the order of the ARX model, r is the number of inputs,
and q is an integer. Given any input and output sequence u(k) and
y(k), Eq. (16) must be satisfied and can be used for identifying
coefficient matrices T0, Tc, A, and B' '.

Note that the matrix Tc of pm x qr is a Hankel-like matrix32 that
has rank n where n is the order of the system. For the case where
qr > pm > n, there are qr elements in uq(k) of qr x 1 with only
n independent equations in Eq. (16). The first step in deriving a
feedback and/or a feedforward controller is to write the equation for
control input uq (k) that forces the system to follow a given output
y history in time. As a result, Eq. (16) provides multiple solutions
for uq (k) with the minimum-norm solution expressed by

(19)

M/;(/: -/?)
yp(k + g)
w7,(A; + q)

" (20)

where t is pseudoinverse. For the case where qr = pm, Eq. (20) is
unique. To simplify Eq. (20), define the following notations:

- T}Bfup (k-p)- 7?A'yp (k - p)
or in matrix form

(21)

and

vp(k- p) =
up(k+q)

(22)

where both Fc and F0 are qr x p (m -f- r) matrices and both vp (k — p)
and vp(k + q) are (pm + pr) x 1 column vectors. Thus, Eq. (20)
becomes

= [Fc F0] (*-/>) (23)

Equation (23) is another form of the finite difference model for
system identification. For any given input and output data, there
exists a set of Fc and F0 satisfying Eq. (23). Using Eq. (23) to
develop a deadbeat controller is shown in the following.

Let us assume that the input vector uq(k) is chosen such that

uq(k) = Fcvp(k - p)

To satisfy Eq. (23), the following equation must hold:

(24)
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of qr x pm is full rank pm with qr > pm, and if up(k + q)
is set to zero, thenyp (k + q) becomes zero. As a result, the control
action uq (k) computed from Eq. (24) is a deadbeat controller that
makesyp(k + q) to zero after q time steps. The integer q is, thus,
called the deadbeat control horizon, whereas the integer p is com-
monly referred to as the system identification (or observer) horizon.
The condition qr > pm means that the control action should not be
faster than the state observation. That makes the physical sense.

In view of Eq. (17), the first r rows of uc] (k) is the input vector
u(k) at time k. Define Fc\ and F0\ as the first r rows of Fc and F0,
respectively. The control action at u(k) should be

u(k) = [the first r rows of Fc] vp(k - p)

= Fclvp(k-p) (26)

where Fc\ is the control gain matrix to be determined. The control
gain matrix is constant for a linear time-invariant system. Otherwise,
it may be time varying.

The first r rows of Eq. (23) produce

u(k) = (the first r rows of [Fc

= [Fcl Fol] (27)

Equation (27) indicates that the input u(k) is related to the past
input sequence u(k — p) to u(k — 1) and output sequence y(k — p)
toy(k — 1) and future input sequence u(k + q) to u(k + q -f p — 1)
and output sequence y(k -\- q] to y(k + q + p — 1). There is a
total of q time steps gap from k to k + q — 1. A different integer
q produces a different set of coefficient matrices Fc\ and F0\ that
satisfies Eq. (27).

Recursive Least-Squares Algorithm
There are many recursive algorithms12 available to solve the least-

squares problem. The classical least-squares method is the most
straightforward approach and is also the basis for the others. The
classical recursive method is briefly described here.

Because the time index k in Eq. (27) is a dummy variable, let us
set k = k' — p — q and treat k' as the current time. Equation (27)
can be written in a compact matrix form

u(k' -q - p) = Foi
vf(k'-q-2p)'

vp(k' - P)

= Fzp(k'-l)

where

and

F = [Fc{

(28)

(29)

z,,(k' - 1) =

V(k'-q-2p) '

v(k' - q - p - 1)
v(k' - p)

v(k' - 1)

First, define the following quantities:^(k')pP(k'-\-)

(30)

1+zJ (*')/>„(*'-'
(3D

(32)

Next, compute the following quantities:

Pp(k') = Pp(k' - \ ) [ I - z P ( k ' ) G p ( k ' } }

F(k' + 1) = F(k') + [u(kf -q-p + l)

(33)

k') (34)
Equations (31-34) constitute the fundamental recursive least-
squares (RLS) formulation for identifying the gain matrix F in-
cluding Fc\ for the deadbeat controller design and F0\ for_the need
of system identification. The initial values of PP(Q) and 7^(1) can
be either assigned or obtained by performing a small batch least
squares after gathering a sufficient number of data. If initial values
are to be chosen, PP(Q) and F(l) can be assigned as dl2P(r+m) and
O r X 2/ j ( r + /n), respectively, where d is a large positive number. The
positive constant d is the only parameter required for the initializa-
tion. The proper choice of d is based on practical experience. It is
known from the RLS algorithm that the initialization introduces a
bias into the parameter estimate F(k') produced by the RLS method.
For large data lengths, the exact value of the initialization constant
is not important.

The computational steps for the recursive deadbeat control
method are summarized in the following.

1) Form the vector zp (kf) as shown in Eq. (30) with the new input
v(k') as the last r + m rows.

2) Compute the gain vector Gp(kf) by inserting Pp(kf — 1) and
zp (k') in Eq. (31). In this step, one should compute zT

p (k1) Pp (k1 - 1)
first, and then use the result to calculate [zT

p(k')Pp(kr - l)]zp(k').
3) Compute the estimated input u(k' — q — p + 1) by substituting

F (kf) and zr (k') into Eq. (32). Note that the time step k' - q - p + 1
for the estimated input u(k' — q — p + I) is q + p — 1 behind than
the current time k'.

4) Update Pp(k' - 1) to obtain Pp(k') with zp(k') formed from
the first step and Gp(kr) computed from the second step.

5) Update F(k') to obtain F(k' + 1) from Eq. (34) with the input
signal u(k' — q — p + 1), the estimated input u(k — q — p 4- 1), and
the computed gain Gp(k').

No matrix inverse is involved in these computational steps. Up-
dating Pp(k') and Gp(k') takes more time than computing other
quantities. The recursive procedure derived for updating the least-
squares solution F(k') is very general in the sense that it is valid for
any linear equation.

It is noted that some accuracy may be lost when a least-squares
problem is solved using the classical approach as described in this
section. The reason is that the input and output data are squared
to compute the data correlation. There is another method based on
orthogonal transformation to avoid the computation of data correla-
tion for the least-squares estimate. The method is commonly called
a square root method8 because it works with the square root of the
data correlation.

As soon as the gain matrix Fc\ is identified from the RLS solution
of Eq. (34), the control force at time k' + 1 can then be computed
from Eq. (26) to yield

U(k> (35)

where vp(k' + 1 - /?) is defined from Eq. (22). Observe that the
control signal u(k' — q — p) on the left-hand side of the identification
process, Eq. (28), is q + p + 1 steps further behind than u(k' -f 1)
in the control equation (35).

Feedback and Feedforward for Disturbance Input
In addition to the control input, there may be other disturbance in-

puts applied to the system. Some types of disturbances come from
the known sources that can be measured. Another type of distur-
bances is not known, but its correlation is known. This section ad-
dresses the predictive feedback designs including feedforward from
the disturbance inputs that are measurable or predictable.

With the disturbance input involved, the multistep output predic-
tion equation becomes

yp(k + q) = Tcucq(k) + Tjud(g + P)(k) + T0ucp(k + q)

+ B'cucl, (k-p) l, (k-p) + A'yp (k - p) (36)
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where

ud(k)

ucq(k) =

ud(k + q

• uc(k)
uc(k + l

uc(k + q-\)

(37)

The vectors yp(k + q) and yp(k — p) are defined in Eq. (14). The
subscripts c and d are the quantities related to the control force and
the disturbance force, respectively. The other quantities ucp(k + q)
and ucp(k — p) and quantity udp(k — p) are similarly defined as
ucq (k) and ud(q + P) (k), respectively, shown in Eq. (37). The form of
the matrix T'd associated with the disturbances ud is similar to T'
defined in Eq. (15). The matrix T{ is a pm x qrc matrix, where rc is
the number of control inputs, and Td is a pm x qrd matrix, where
rd is the number of disturbance inputs. The forms of B'c and B'd are
also similar but corresponding to different type of forces. Note that
TC,T0, and B'c are quantities associated with the control force uc(k).

An equation similar to Eq. (19) can, thus, be derived as

- T?A'yp(k -p)- T?B'cucp(k -p}- T?B'dudp(k - p) (38)

or in matrix form

ucp(k - p)
ucd(k - p)

(39)

Define the following notations:

F' = -

and

vp(k- p) =

(40)

'yp(k-p)
ucp(k - p)
ucd(k - p ) -[ ucp(k

(41)

where F'c is a qrc x p(m + rc + r^) matrix but F'co is a qrc x
p(m + rc) matrix. The quantity vp(k — p) is a p(m + rc + rd) x 1
column vector, whereas vcp(k + q) is a p(m -\- rc) x 1 column vec-
tor. Thus, Eq. (39) becomes

F>0 F'd}
vp(k- p)

(42)

For any given input and output data, there exists a set of F'c, F'co,
and F'd satisfying Eq. (42).

Let us assume that the input vector ucq (k) is chosen such that

From Eq. (42), the output after q time steps is then governed by

FcovcP(k + q) + Fdud(q + P)(k) = 0

or from Eq. (39)

= T?T0ucq (k + q) + 1?Tdud{q + p} (k) (44)

Here we have assumed that the disturbance is measurable. If the
disturbance is not predictable or measurable, Eq. (43) is not valid.
Equation (44) indicates that the output vector from time k + q is
generated by the control vector from k + q and the disturbance
vector from k. If the disturbance ud(k) such as the random signal is
not predictable, then we cannot use the future disturbance signal, i.e.,
beyond the current time k, for a feedforward design for the control
force uc(k) at time k. As a result, the feedforward design included in
the control law, Eq. (43), is the only way that can be implemented,
because it uses only the disturbance signal before time k.
From Eq. (43), the control action uc(k) at time k is

uc(k) = (the first r rows of F{.)vp(k — p)

(45)

where F'cl is the control gain matrices to be determined from
Eq. (42). The first r rows of Eq. (42) produce

uc(k) = (the first r rows of [F6! F'co F'd})

'vp(k - p)

'vp(k-p) •
vcp(k + q}
Ud(q + p) (k)

(46)

which can also be computed recursively, as shown in the preceding
section. Note again that the time index k is a dummy integer. The
gain matrix F'cl is actually updated in a different timescale than that
for the estimated input. Indeed in practice, the integer k in Eq. (46)
should be reset to be k' such that k = k' — q — p. Equation (46) can
then be rewritten as

vp(k'-q-2p)
(47)

When k' is treated as the current time step, the data vectors vp(k' —
q—2p),vcp (kr — /?), and ud(q + P)(k'—q — p) are all known and given
under the condition that the disturbance is measurable. As soon as
the gain matrix F'cl is identified from the RLS solution of Eq. (47),
the control force at time k' + 1 can then be computed from Eq. (42)
to yield

= F'clvp(k'+\-p) (48)

where vp(k! + 1 — p) is defined from Eq. (41). Again, note that the
control signal uc (k'—q — p) on the left-hand side of the identification
process, Eq. (47), is q + p + 1 steps further behind than uc(k' + 1)
in the control equation (48).

Numerical Example
A simple spring-mass-damper system is used to illustrate var-

ious controllers. Several different cases will be discussed ranging
from single-input/single-output to multi-input/multi-output. First,
the noise-free case is shown, and then the case with additive mea-
surement noise is discussed.

Consider a three-degree-of-freedom spring-mass-damper sys-
tem

(43) Mw + Su; + Kw — u
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where Control force (-solid line) and Excitation (-.dashdot line)

'mi 0 0 "
0 w2 0
0 0 w3

K =

"f 1 + ?2 -?2 0

-?2 ?2 + ft -?3

0 -?3 ?3

-k2 0

M =

MI

"3

and m/ , A;/, and ?/, i = 1, 2, 3, are the mass, spring stiffness, and
damping coefficients, respectively. For this system, the order of the
equivalent state-state representation is six (n = 6). The control force
applied to each mass is denoted by M / , i = 1, 2, 3. The variables
Wj,i = 1 , 2, 3, are the positions of the three masses measured from
their equilibrium positions. In the simulation, m\ = w2 = w3 =
1 kg, k{=k2 = k3 = 1000 N/m, fi = ?2 = ?3 = 0.1 N-s/m. The
system is sampled at 25 Hz (Af = 0.04 s). Let the measurements
y\ be the accelerations of the three masses, yf = u>/, / = 1, 2, 3.

Let us consider a single-control-input and single-output case,
where the control input to the system is the force on the first mass,
i.e., uc = H I , and the output is the acceleration of the third mass,
i.e., y = 11)3, (noncollocated actuator-sensor). Therefore, the small-
est order of the ARX model p is six corresponding to a deadbeat
observer, and the smallest value for q is also six corresponding to
a deadbeat controller, which will bring the entire system to rest in
exactly six time steps. Note that this is a nonminimum-phase system.

Consider the case where the controller is computed with q = 6.
Let the initial guess for Pp(Q) and F(l) shown in Eqs. (31) and (32)
be 1000/24 x 24 and Oi x 24, respectively. The initial input signal before
the control action is on is a sequence of normally distributed random
numbers with zero mean and unit variance. Let the control action be
turned on at the data point 30. In other words, we do not wait very
long to close the system loop as soon as the first nonzero vector vp (k)
defined in Eq. (30) is formed. Figure 1 shows the open-loop and
closed-loop histories of input and output. The solid line is the open-
loop response and the dash-dot line is the closed-loop response. The
control gain starts with a zero vector and ends with the controller

uc(k) =

- 1) + 0.7218iic(* - 2) + 0.2535MC.(£ - 3)

- 0.0682wc(/; - 4) - 0.0150«C(A; - 5) + O.OOOOMC.(£ - 6)
- 2) - 1.2898y(fc - 3)

- 0.1816y(* - 4) + 0.1909y(* - 5) - 0.0008j(£ - 6)

The controller converges to the one using the batch approach shown
in the Appendix. It is seen from Fig. 1 that it takes more than six
steps after the control action is on to make the control gain converge.
As soon as the control gain converges, the system becomes deadbeat
within six steps.

Let the output be added with some measurement noise so that the
signal-to-noise ratio is 10. 5, i.e., the output norm divided by the noise
norm. The noise is random normally distributed with zero mean. Set
the values of p and q to be the same as that for the deadbeat, i.e.,
p = q = 6. Again, let the control action be turned on at the data point
30. The open-loop and closed-loop time histories are shown in Fig. 2.
The control gain starts with a zero vector and ends with the controller

uc(k) =
-0.0198Mc.(fc - 1) + 0.6153M,(fc - 2) + 0.0326Mc.(fc - 3)

+ 0.0169MC(£ - 4) + 0.0355Mc.(fc - 5) - 0.0356iic(fc - 6)

- 0.358 IX* ~ 1) - 0.3840y(* - 2) - 0.6640j(A: - 3)

- 4) + 0.0772y(* - 5) - 0.1345j(fc - 6)

0 1 2 3 4 5 6 7

Closed-loop (-solid line) and Open-loop (-.dashdot line) outputs
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Fig. 1 Open-loop and closed-loop time histories for the noise-free case
with/? = q = 6.
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Fig. 2 Open-loop and closed-loop time histories with p = q = 6 and
output noise.

Although the final control gain looks considerably different from the
one shown earlier for the noise-free case, the performance for both
noise-free and noisy cases is quite similar. Increasing the value of
q does not seem to improve the performance. In some cases with q
larger than /?, the performance is much worse than for the case with
p = q when the control action is turned on too early. Given sufficient
time steps for the control gain to converge to a reasonable level, the
performance may be improved somewhat, particularly for the case
where q > p. One may raise the question of whether the recursive
controller design works for the case where the order of the controller
is smaller than the order of the system, i.e., p is smaller than 6 for
this example. Let us choose p = q = 4. Using the same set of data
for the preceding case, the input and output time histories are shown
in Fig. 3. Obviously, the performance is as good as the ones shown
earlier. In practice, the order of a system is unknown and, thus, there
is a great possibility that the values of p may be smaller than the true
one.

Assume that there is a measurable disturbance applied at the sec-
ond mass. The disturbance signal is assumed to be random normally
distributed with zero mean and unit variance. The same measure-
ment noise as given for the preceding case is also added to the
output. Set the values of p and q to be p = q — 6. The open-loop
and closed-loop time histories are shown in Fig. 4. The control ac-
tion starts at the data point 30. Equation (47) is used in this case
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Control force (-solid line) and Excitation (-.dashdot line)

Closed-loop (-solid line) and Open-loop (-.dashdot line) outputs
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Fig. 3 Open-loop and closed-loop time histories with p = q = 4 and
output noise.

Control force (-solid line) and Excitation (-.dashdot line)

Closed-loop (-solid line) and Open-loop (-.dashdot line) outputs

time (sec.)

Fig. 4 Open-loop and closed-loop (feedback and feedforward) time
histories with p = q = 6 and output noise.

to determine the feedback and feedforward gains. The converged
controller is

uc(k) =

c.(fc - 2) - 0. - 3)

- 4) + 0.0551uc(A: - 5) + 0.0174MC.(£ - 6)
-0.3812XA; - 1) - 0.2879y(* - 2) - 0.7695y(k - 3)

+ 0.0397X* - 4) - 0.0709.y(£ - 5) - Q.\Q63y(k - 6)
- 0.4078Mj(& - 1) - 0.0095M& - 2) + OA452ud(k - 3)

+ 0.0122u(J(k - 4) + 0.1334M* - 5) + 0.3071M* - 6)
The closed-loop output response is considerably reduced in com-
parison with the open-loop response.

Several other cases (not shown) have been studied including ran-
dom and periodic disturbances with or without feedforward. It indi-
cates that, given sufficient time steps before the control action is on
for the control gain to converge, the recursive control design works
quite well, and the results are similar to those shown earlier. On the
other hand, a small amount of dither can be added to the control
signal to speed up the rate of convergence for the control gain. The
dither is band-limited white noise and will ensure that the closed-
loop system remains persistently excited. Dither provides one way
to ensure an accurate system identification in a closed-loop system.
Of course, the dither may be turned off as soon as the control gain
converges to a reasonable level.

Concluding Remarks
A new recursive predictive control method has been presented.

System identification was reformulated in such a way that it fits
better for predictive controller designs. In other words, the conven-
tional thinking in system identification has been reoriented to focus
on the control design process. The conventional procedure for any
controller designs includes two steps, i.e., first perform system iden-
tification within an acceptable level of accuracy and then conduct
a controller design. The error in system identification will likely be
accumulated and carried through the controller design process. As
a result, the conventional approach tends to introduce more error in
the controller design than system identification itself. The method
derived in this paper uses a different approach for system identi-
fication to eliminate the additional controller design process. For
noise-free cases, both conventional and new approaches produce an
identical result if the predictive controller is unique. For nonunique
controllers, the new approach provides the control gain smaller in
norm than that from the conventional approach. This is because,
instead of minimizing the output error, the new approach minimizes
the input error to compute the control gain. The proposed recur-
sive method has a considerable advantage of computational speed.
For noisy cases, numerical simulations have showed that the new
method is more robust than the other methods.

Appendix: Direct Algorithm
There are two predictive control designs, namely, the indirect

algorithm and the direct algorithm. The indirect algorithm is based
on Eq. (1) with the assumption that the parameters ct\, a2,..., otp
and fa, Pi, ..., ftp, are given a priori. The direct algorithm uses
the input and output data directly, without explicitly involving the
parameters a\, a 2 , . . . , ap and ft(}, f t { , . . . , pp to compute feedback
control parameters. To achieve the goal, first start with Eqs. (16-18)
and form the following input and output matrices:

y(k)
y(k + l

y(k
y(k + N)

-l) y(k

(k) us(k+l) . . . u

U(k) Il(*+l)

u(k + l) u(k + 2)

u(k

(Al)

u(k

(k + N-\) '
u(k + N)

N -2)

where N is an integer. The integer s is a dummy integer that can be
either p or q. For example, the matrices Yp (k + q) and Up (k + q) are
defined by replacing s by p and k by k + q. Similarly, the matrices
Yp(k — p) and Up(k — p) are defined by replacing s by p and k by
k-p. The data matrices Up(k + q) and Yp (k + q) include the input
and output data up to the time step k + q + p + N — 2, whereas
Up (k — p) and Yp (k — p) have data up to the time step k + N — 2.

Application of Eq. (16) yields

or

Te B' A'] UP(k-p)
YP(k-p)±

(A2)

(A3)



JUANG AND PHAN 631

Let the integers p, q, and N be chosen large enough such that
Eq. (A3) produces the following least-squares solution:

Tc ff

-it

Uq(k)
Up(k-p) (A4)

where t is the pseudoinverse. At this moment, all input and output
data are measured from the open-loop system, before any control
action begins.

Let the control action be turned on at time step k and ended at
k + q. In other words, the control action occurs only from u(k)
to u(k + q — 1), beyond which the control action is zero, i.e.,
u(k + q) = u(k + q + 1) = • - • = 0. Under this condition, Eq. (16)
produces the following equation:

yp(k + q) = Tcuq(k) + ffup(*-/>) + A'yp(k - p) (A5)
Thus, it is clear that the following equality:

«,(*) = -lTc?[ffup(k - p) + A'yp(k - p)] (A6)
will bringyp(k -f- q) to rest, i.e.,

= 0

under the condition that [TCTC]* = I (identity matrix). With the
triple [Tc, B', A'] identified from Eq. (A4), the control law from
Eq. (A6) can be applied to compute the control gain parameters as

u(k) = -first r rows of {[Tj}[ffup(k - p) + A'yp(k - p)]

= a<(y(k - 1) + otc
2y(k - 2) + •

+ fiu(k - 1) -f

- p)

- 2) + . - - -f pc
pu(k - p) (A7)

where the superscript c identifies the control parameters. The feed-
back control parameters « £ , . . . , « £ and /Jf, ££, • • • » ftp are to De

used to compute the current control signal u(k) using the past p
input and output measurements. The control action is supposed to
bring the output to zero for all time steps larger than k + q. Along
with the desired zero input u(k + q) and beyond, the system should
be at rest, i.e., deadbeat, beyond time step k + q. That is in the-
ory. In practice, when the system has input and output uncertainties,
the control action can only bring the output down to the level of
uncertainties.
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